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ALTERING SYMPLECTIC MANIFOLDS
BY HOMOLOGOUS RECOMBINATION
MOHAMMED ABOUZAID, PAUL SEIDEL
1. Introduction
1a. A quick review. This paper studies the non-uniqueness of symplectic struc-
tures on open manifolds of high dimension. More precisely, we only consider sym-
plectic manifolds which are Liouville, and for the most part, ones which are of finite
type (a brief summary of the definitions is given in Section 2a). Non-specialist
readers may want to keep in mind that every smooth complex affine variety can
be turned into a finite type Liouville manifold by choosing a suitable Kähler form.
More generally, every Stein manifold can be made Liouville, but the outcome may
not always be of finite type. It almost goes without saying that the basic relation
between Stein and symplectic geometry, as well as many of the fundamental ideas
in this field, were pioneered by Eliashberg and Gromov [18, 20, 19].
Let us turn to the specific non-uniqueness question, beginning with the case of
flat space (we omit the earlier history of exotic symplectic structures on flat space,
since those are not known to be Liouville). Seidel-Smith [53] exhibited a finite type
Liouville structure on R2n, for any even n ≥ 4, which is not symplectomorphic to
the standard one. Examples for any n ≥ 4 were constructed by McLean [39]. In
fact, the last-mentioned paper proves the much stronger statement that for any
n ≥ 4, there is an infinite sequence of finite type Liouville structures on R2n which
are pairwise non-symplectomorphic.
Among other open manifolds, cotangent bundles have received the most attention.
The best available result is again due to McLean [39]. It says that on the cotangent
bundle of any closed manifold of dimension n ≥ 4, there is an infinite sequence
of finite type Liouville structures which are pairwise non-symplectomorphic. More
recently, Maydanskiy-Seidel [36] (based on earlier work of Maydanskiy [35]) con-
structed another nonstandard Liouville structure on the cotangent bundle of the
n-sphere for any n ≥ 3, which is different from McLean’s because it does not con-
tain any Lagrangian sphere. Yet another construction for T ∗Sn, which is at least
philosophically close to the last-mentioned one but maybe more explicit, is given in
Bourgeois-Ekholm-Eliashberg [6]. In all these cases, the nonstandard structures are
almost symplectomorphic to the standard ones, which means that they are undis-
tinguishable in “soft” or homotopy-theoretic terms (this is a traditional concept,
recalled in Section 2i).
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1b. Finite type Liouville manifolds. Following a well-established direction, the
main invariant we will use is symplectic cohomology, in the sense of [58] (an earlier
related construction is [14]). This associates to each Liouville manifold a Z/2-
graded K-vector space, where K is some arbitrary coefficient field (the precise sense
in which this is an invariant is discussed in Section 2c).
Theorem 1.1. Let X be a smooth complex affine variety of real dimension ≥ 6.
Then there is a finite type Liouville manifold X˜ which is almost symplectomorphic
to X, and such that the symplectic cohomology of X˜ vanishes (for all K).
This is partly based on the argument used in [36] for T ∗Sn, which in algebro-
geometric terms would be the special case of an affine quadric. The algebraic nature
of X is important only insofar as it allows us to apply basic tools from symplectic
Picard-Lefschetz theory. Concretely, we represent our manifold as the total space
of a Lefschetz fibration, and then manipulate that description to construct the
new space X˜ (this is the homologous recombination process mentioned in the title;
the name comes from biology, see for instance [9]). A different proof of Theorem
1.1 has been obtained independently by Bourgeois-Ekholm-Eliashberg (currently
unpublished, but based on the stabilization process from [6, Section 6.2]). In fact,
their approach avoids Lefschetz fibrations, hence has the substantial advantage of
applying to all finite type Weinstein manifolds X .
By combining Theorem 1.1 with the argument from [39], one arrives at the following
conclusion (also independently noticed by Smith):
Corollary 1.2. Take X as in Theorem 1.1. Then there is an infinite sequence of
finite type Liouville manifolds X˜k, all of which are almost symplectomorphic to X,
and such that X˜k is not symplectomorphic to X˜l for k 6= l.
Even though we have not mentioned this so far, the freedom to use different coeffi-
cient fields K is important since it allows for a more delicate version of homologous
recombination:
Theorem 1.3. Let X be a smooth complex affine variety of real dimension ≥ 12.
Fix an integer q ≥ 1. Then there is a finite type Liouville manifold X˜ almost
symplectomorphic to X, and with the following property. If K is a field whose char-
acteristic divides q, the symplectic cohomology of X˜ with coefficients in K vanishes.
On the other hand, if the characteristic of K does not divide q (this includes char-
acteristic 0), the symplectic cohomology of X˜ with coefficients in K vanishes if and
only if the same holds for the original manifold X.
Remark 1.4. Symplectic cohomology can actually be defined with coefficients in Z
(or any other abelian group) as well. In the situation of Theorem 1.3, let us tem-
porarily denote the integral version by SH ∗(X˜ ;Z), and its analogue with coefficients
in Fp by SH
∗(X˜ ;Fp). When considered as Z/2-graded abelian groups, these fit into
a long exact sequence
(1.1) · · · −→ SH ∗(X˜ ;Z)
p
−→ SH ∗(X˜;Z) −→ SH ∗(X˜;Fp) −→ · · ·
Hence, vanishing of SH ∗(X˜ ;Fp) is equivalent to unique p-divisibility for SH
∗(X˜;Z).
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All of the symplectic structures constructed so far are actually Weinstein, which
means that they admit Morse functions compatible with the Liouville structure.
Let us introduce a notion of complexity, as the minimal number of critical points of
such a function (see Section 2b). With this in mind, we can give a sharper version
of Corollary 1.2 for manifolds of sufficiently high dimension:
Corollary 1.5. Take X as in Theorem 1.3. Then there is an infinite sequence of
manifolds as in Corollary 1.2, but with the additional property that all of them are
of bounded complexity.
This contrasts with the approach from [39] in which one takes repeated boundary
connect sums that, at least intuitively, would appear to increase complexity (one
has to be careful here since no lower bound for the complexity of such a sum has
actually been proved; establishing such bounds is a major open problem in general).
1c. Infinite type Liouville manifolds. McLean [37] constructed an example of a
Liouville structure on R2n, n ≥ 4, which is not of finite type (because its symplectic
cohomology is of uncountable dimension as a vector space, whereas that of any finite
type Liouville manifold is at most of countable dimension). By combining his idea
with homologous recombination, we see:
Theorem 1.6. Fix an arbitrary set of primes P. For any n ≥ 6, there is a Liouville
manifold diffeomorphic to R2n, whose symplectic cohomology with coefficients in
K = Fp is of countable dimension if and only if p ∈ P.
Corollary 1.7. Let M be a finite type Liouville manifold of dimension ≥ 12, with
the property that the map H1cpt(M ;R) → H
1(M ;R) is onto. Then there is an
uncountable family of Liouville manifolds which are almost symplectomorphic to
M , but pairwise non-symplectomorphic.
The assumption on the first cohomology is somewhat peripheral to the whole ar-
gument, and can be removed if one is willing to replace symplectomorphism by
the stricter notion of exact symplectomorphism (see Section 2a). Theorem 1.6 and
Corollary 1.7 were proved independently by McLean [38], whose approach is some-
what different since it relies heavily on the ring structure of symplectic cohomology,
following [39]. In fact, McLean’s argument should also cover the dimensions 10 and
8, and possibly 6 as well, which are missing from our results.
1d. Acknowledgments. This research was conducted while the first author was
a Clay Research Fellow. The second author was partially supported by NSF grant
DMS-1005288. We thank Kai Cieliebak for letting us have the manuscript of his
book in progress with Eliashberg, and Mark McLean for explaining some of his
unpublished work to us.
2. Concepts and tools
2a. Exact symplectic manifolds. We start by introducing the main relevant
classes of symplectic manifolds. Some other references covering similar basic ma-
terial are [20, 19, 53, 6] (there is also a forthcoming book [13], which looks likely
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to become the definitive reference on the subject). All our symplectic manifolds
M will be exact, which means that they come with a distinguished primitive θM
for the symplectic form ωM = dθM . The Liouville vector field ZM is defined by
ωM (ZM , ·) = θM . We say that the exact symplectic structure is complete if the
flow of ZM is defined for all time.
• A Liouville domain is a compact exact symplectic manifold with boundary,
such that ZM points strictly outwards along ∂M .
• A Liouville manifold is a complete exact symplectic manifold, which admits
an exhausting (proper and bounded below) function h : M → R such that
the following holds. There is a sequence of numbers ck ∈ R, going to +∞ as
k →∞, such that dh(ZM ) > 0 along h
−1(ck) (note that the corresponding
sublevel sets yield an exhaustion of M by Liouville domains).
• A Liouville manifold is called of finite type if in fact, dh(ZM ) > 0 outside a
compact subset.
Any Liouville domain can be canonically enlarged to a finite type Liouville manifold
by attaching an infinite cone to the boundary. Conversely, any finite type Liouville
manifold is obtained in this way (one truncates it to a Liouville domain which is a
sufficiently large sublevel set of the exhausting function h).
There are several variations on the notion of symplectic isomorphism between two
such manifolds.
• Two Liouville domains M and M˜ are called deformation equivalent if there
is a diffeomorphism φ : M → M˜ and a one-parameter family of Liou-
ville domain structures on M , which interpolate between (ωM , θM ) and
(φ∗ωM˜ , φ
∗θM˜ ).
• An exact symplectomorphism between Liouville manifolds is a diffeomor-
phism φ :M → M˜ such that φ∗θM˜ − θM is an exact one-form.
• Now, suppose that M and M˜ are Liouville manifolds of finite type. A
strictly exact symplectomorphism φ : M → M˜ is a diffeomorphism such
that φ∗θM˜ − θM is the derivative of a compactly supported function.
(We have omitted some intermediate possibilities.) If we have two deformation
equivalent Liouville domains, their enlargements are Liouville manifolds which are
symplectomorphic in the strictly exact sense, and the converse is also true. Next,
take two Liouville manifolds, at least one of which is of finite type. Then, every
symplectic isomorphism between them can be deformed to an exact one, by com-
bining it with a suitable non-Hamiltonian flow [6, Lemma 1.1]. Inspection of the
argument shows that one can replace the finite type condition by the surjectivity
of the map H1cpt(M ;R)→ H
1(M ;R).
2b. Weinstein manifolds. There is a special class of Liouville manifolds, which
is somewhat closer to the original motivation from Stein geometry [18].
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• A Weinstein manifold is a complete exact symplectic manifold, which ad-
mits an exhausting Morse function h such that the following holds. Out-
side the critical point set of h, dh(ZM ) > 0. At each critical point x of h,
ZM = 0, and the quadratic form on TMx given by X 7→ D
2h(X,DZM (X))
is positive definite (this is a weak version of the notion of gradient-like
vector field; it is equivalent to the formulation in [6]).
• A Weinstein manifold is called of finite type if θM vanishes only at finitely
many points (by definition, these will be the critical points of any Morse
function h with the properties described above).
• AWeinstein domain is a compact exact symplectic manifold with boundary,
such that the following holds. It admits a Morse function h :M → (−∞, 0]
such that h−1(0) = ∂M is a regular level set, and which otherwise has the
same properties as for a Weinstein manifold.
We need to elaborate a little bit more on the relation between the two notions.
Consider a Liouville domain M , and its standard enlargement, obtained by attach-
ing an infinite cone [1,∞) × ∂M , on which the one-form is r(θ|∂M), with r the
radial variable. In one direction, suppose that M is a Weinstein domain, with a
function h as in the definition. One can extend this function to the cone, by sending
(r, x) 7→ h(x)+(r−1)(ZM .h)(x) for (r, x) ∈ [1,∞)×∂M . The extension is exhaust-
ing, and its derivative in the direction of the Liouville vector field is positive on the
cone. It is only C1 along {1} × ∂M , but one can easily smooth it, and this shows
that the enlargement is a Weinstein manifold of finite type. In the other direction,
we start with a general Liouville domain M , and suppose that its enlargement is
a finite type Weinstein manifold, with corresponding exhausting Morse function h.
Since ∂rh > 0 outside a compact subset, a sufficiently large level set h
−1(c) will be
the graph of a function ∂M → [1,∞). Hence, while it is not clear whether M itself
will be a Weinstein domain, it is certainly deformation equivalent to one within the
class of Liouville domains.
Given a Liouville domain M0 and an embedding of a sphere Sr−1 →֒ ∂M0 such
that the pullback of θM0 to the sphere vanishes, one can define a larger Liouville
domainM1 ⊃M0, depending on a choice of framing data, by attaching a Weinstein
r-handle to the boundary [59]. As an example, suppose that M0 has two connected
components. One can then take one point on the boundary of each component,
which together form a sphere of the trivial dimension r − 1 = 0, and attach a
Weinstein one-handle. This is called taking the boundary connect sum of the two
components. The other important case for us is the largest possible value r =
dim(M)/2. These are called critical Weinstein handles, and will be reviewed in more
detail in Section 3a below. If M0 is a Weinstein domain, then the corresponding
Morse function can be extended overM1 (acquiring one more critical point), which
is then again a Weinstein domain. Conversely, each Weinstein domain can be
written as the result of starting with a disjoint union of balls and attaching finitely
many Weinstein handles.
We will occasionally use a more quantitative version of the remarks above. Let M
be a finite type Liouville manifold. Suppose that there is a compactly supported
6 ABOUZAID, SEIDEL
function k such that the modified one-form θM + dk is Weinstein of finite type. We
define the complexity (M) to be the minimal number of zeros of θM + dk, taken
over all such k (if there is none, the complexity is set to infinity). By definition,
complexity is invariant under strictly exact symplectomorphisms, and therefore
can also be considered as an invariant of Liouville domains, up to deformation
equivalence. In the case where M1 is obtained from M0 by attaching a single
Weinstein handle, we have
(2.1) (M1) ≤ (M0) + 1.
Example 2.1. There is a fundamental class of examples [20], which we recall in
order to have its properties handy for reference. Let X ⊂ CN be a smooth affine
variety. For generic x0 ∈ C
N , the function h(x) = 14‖x − x0‖
2 is Morse [40, §6].
Moreover, since it is real algebraic, it can have only finitely many critical points.
If we take θX = −dh ◦ IX (IX being the complex structure), then ωX = dθX is the
restriction of the standard constant symplectic form on CN to X. The Liouville
vector field ZX is just the gradient vector field of h. Since that satisfies ‖∇h‖
2 ≤
h, it is also complete. Hence, equipping X with these structures makes it into a
Weinstein manifold of finite type.
It is worth while emphasizing that many other possible choices lead to equivalent
results. Let h˜ be any exhausting plurisubharmonic function on X. This means that
if we take θ˜X = −dh˜ ◦ IX , then ω˜X = dθ˜X is Kähler. Suppose in addition that this
exact symplectic structure is complete (which, by the way, can always be achieved by
reparametrizing a given exhausting plurisubharmonic function [4, Lemma 3.1]). By
a result from [13, Part IV], any two such structures are exact symplectomorphic. In
particular, (ω˜X , θ˜X) is exact symplectomorphic to the previously defined (ωX , θX).
2c. Symplectic cohomology. We will summarize some important properties of
this invariant in a black box fashion. Besides the original papers [58, 57], a few
references are [12, 42, 50, 7, 15, 45]. For any Liouville domain M and coefficient
field K, symplectic cohomology yields a Z/2-graded K-vector space SH ∗(M), which
is of at most countable dimension over K. Moreover, if ǫ : U →M is an embedding
of one such domain into another of the same dimension, such that ǫ∗θM − cθU is
exact for some constant c > 0 (which implies that the embedding is conformally
symplectic), we get a restriction map SH ∗(M)→ SH ∗(U). This is functorial with
respect to compositions of embeddings. Moreover, it is invariant under isotopies of
embeddings, within the same class (this is proved by a parametrized version of the
argument which constructs the restriction maps). As an elementary consequence of
these properties, deformation equivalent Liouville domains have isomorphic sym-
plectic cohomology groups. Via the correspondence between Liouville domains and
finite type Liouville manifolds, one then defines symplectic cohomology for the
latter class. The outcome is clearly invariant under strictly exact symplectic iso-
morphisms; by thinking a little about conformally symplectic embeddings, one sees
that it is in fact invariant under exact symplectic isomorphisms; and hence, by the
observation made previously, under general symplectic isomorphisms of finite type
Liouville manifolds.
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More generally, for any Liouville manifold M which is not necessarily of finite type,
one defines
(2.2) SH ∗(M) = lim←− SH
∗(U)
where the limit is over all pairs (U, k) consisting of a subdomain (a compact codi-
mension zero submanifold) U ⊂M and a function k on M , such that the Liouville
vector field of θM + dk points strictly outwards along ∂U . Note that by definition,
there is a cofinal family for which k = 0, so one could also restrict attention to such
subdomains. Moreover, in the finite type case there is a cofinal family for which the
inverse system is constant, and we therefore recover the previous definition. One
sees from (2.2) that SH ∗(M) is invariant under exact symplectic isomorphisms. It
is not clear whether, in the infinite type case, it is actually invariant under general
symplectic isomorphisms. However, this is true for manifolds with the property
that H1cpt(M ;R)→ H
1(M ;R) is surjective.
Symplectic cohomology carries a rich set of additional algebraic structures (see
for instance [50, 45]). Most importantly for our purpose, it is a unital graded
commutative ring. Moreover, there is a canonical map from ordinary to symplectic
cohomology, which is compatible with the ring structures.
2d. Lefschetz fibrations and Lagrangian Floer cohomology. LetM be a Li-
ouville domain of dimension 2n, and suppose that we are given an ordered collection
of Lagrangian spheres (V1, . . . , Vm). More precisely, each Vi should be Lagrangian,
exact (which is trivial unless n = 1), and should come with a diffeomorphism
Sn → Vi, unique up to isotopy and composition with elements of O(n + 1) (the
additional data provided by such a diffeomorphism is trivial for n ≤ 3 thanks to
[54, 10]). One can then build an exact Lefschetz fibration over the disc with fibreM
such that the Vi (in the given order) form a basis of vanishing cycles. After round-
ing off the corners and a minor manipulation of the symplectic form, the total space
of this Lefschetz fibration is a Liouville domain E of dimension 2n+ 2. Auxiliary
choices are required in order to construct E, but the result is unique up to defor-
mation. In addition, it comes with a collection of Lefschetz thimbles (∆1, . . . ,∆m),
which are Lagrangian discs in E with Legendrian boundaries, determined by the
collection (V1, . . . , Vm).
Remark 2.2. Alternatively, this construction can be thought of as a special case
of critical Weinstein handle attachment, as follows. Take D2 ×M and round off
the corners, forming a Liouville domain. After a suitable deformation of the exact
symplectic structure, each vanishing cycle Vi gives rise to a Legendrian sphere Λi
in the boundary of this domain. Attaching Weinstein handles to those yields a
Liouville domain deformation equivalent to E (see [6, Section 7] for a more detailed
discussion). In view of (2.1), this implies a bound on the complexity:
(2.3) (E) ≤ (M) +m.
Fix a coefficient field K. Even though the computation of symplectic cohomology
is our ultimate target, various versions of Lagrangian Floer cohomology will play
a crucial role along the way. Choose orientations and (necessarily trivial) Spin
structures for the Lefschetz thimbles, which then induce corresponding structures
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on the vanishing cycles. We will consider the Floer cohomology groups HF ∗(Vi, Vj)
taken inside the fibre M , as well as the wrapped Floer cohomology [27, 2] groups
HW ∗(∆i,∆j) in E. Both are Z/2-graded K-vector spaces. In addition to standard
Floer theory techniques, four relations between these invariants will play a crucial
role.
Property 2.3. SH ∗(E) vanishes if and only if HW ∗(∆i,∆i) vanishes for all i.
As one can see from Section 1b, vanishing or nonvanishing of symplectic cohomology
is essential in all our arguments. Property 2.3 reduces this to the corresponding
question for wrapped Floer cohomology, which can be tackled one thimble at a
time.
Property 2.4. Suppose that HW ∗(∆1,∆1) 6= 0. Then, for every exact, oriented
and Spin Lagrangian submanifold W ⊂M (either closed or with Legendrian bound-
ary) we have
(2.4) dimK HF
∗(W,V1) ≤∑(
dimK HF
∗(W,Vir ) · dimK HF
∗(Vir , Vir−1 ) · · · dimK HF
∗(Vi2 , Vi1)
)
,
where the sum is over all r > 1 and 1 = i1 < i2 < · · · < ir ≤ m.
The informal meaning is that the wrapped Floer cohomology of ∆1 will vanish if V1
is sufficiently independent of the other vanishing cycles. In order to be able to iterate
this argument, the following observation is useful. Consider the same fibre M , but
use only the vanishing cycles (V2, . . . , Vm). The Lefschetz fibration constructed in
this way will be denoted by E˜, and its Lefschetz thimbles by (∆˜2, . . . , ∆˜m).
Property 2.5. Suppose that HW ∗(∆˜i, ∆˜i) = 0 for all i, and HW
∗(∆1,∆1) = 0
as well. Then, all HW ∗(∆i,∆i) vanish.
Finally, we have the following meta-principle, which says that the wrapped Floer
cohomology of Lefschetz thimbles in E can in principle always be computed in
terms of pseudo-holomorphic curves in the fibre M :
Property 2.6. The wrapped Floer cohomology groups HW ∗(∆i,∆i) depend only
on the quasi-isomorphism type of the full A∞-subcategory of the Fukaya category of
M having objects (V1, . . . , Vm).
The rest of this section concerns the derivations of these four properties. Each of
them is a combination of known results (in fact, in some cases there is more than
one possible approach).
2e. Wrapping and Dehn twists. We begin with Property 2.4. This is a minor
variation of [36, Proposition 6.2], hence we will only outline the argument. Let
F(M) be the Fukaya category of the fibre, and tw(F(M)) the associated category
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of twisted complexes. One has an exact triangle of twisted complexes
(2.5) τ−1Vm · · · τ
−1
V3
τ−1V2 (V1)
q
// V1
||xx
x
x
x
x
x
x
x
Cone(q)
[1]
hhPPPPPPPPPPPP
Suppose that HW ∗(∆1,∆1) is nonzero. A geometric argument involving the first
stage of wrapping [36, Section 5] shows that the map q in (2.5) must vanish, hence
V1 must be a direct summand of Cone(q). To write down that cone object explicitly,
we take the full A∞-subcategory of F(M) with objects Vi, and replace it by a quasi-
isomorphic strictly unital A∞-category, denoted by B. A repeated application of
the algebraic expression for a Dehn twist [51, Corollary 17.17] shows that Cone(q) is
isomorphic to the image under the quasi-isomorphic embedding tw(B)→ tw(F(M))
of the twisted complex
(2.6) C =
⊕
homB(Vi1 , Vi2)
∨[−1]⊗ · · · ⊗ homB(Vir−1 , Vir )
∨[−1]⊗ Vir [1],
where the direct sum ranges over all terms as in (2.4), and the whole comes equipped
with a suitable differential ∂C . We will not describe the differential completely, but
the following properties are important. All nonzero terms of the differential preserve
or increase r. Moreover, those that preserve r just consist of applying the dual of
µ1
B
to one of the morphism groups in (2.6), tensored with the identity on all the
other factors as well as on Vir .
A Lagrangian submanifold W as in (2.4) may not be an object of F(M), since we
have not required it to be closed. Still, it defines a cohomologically unital left A∞-
module over F(M), hence by restriction an A∞-module W over B. Recall that such
a module is a cohomologically unital A∞-functor B → Ch into the dg category of
Z/2-graded chain complexes of K-vector spaces. On the cohomological level, this
simply associates to each Vi the Floer cohomology HF
∗(W,Vi). Extend the functor
to tw(B)→ Ch in the essentially unique way, still denoting that by W. To compute
the cohomology of W(C), one can use the filtration by r. In view of the properties
of ∂C mentioned above, the resulting spectral sequence starts with
(2.7)
⊕
HF ∗(Vi1 , Vi2)[−1]
∨ ⊗ · · · ⊗HF ∗(Vir−1 , Vir )[−1]
∨ ⊗HF ∗(W,Vir )
and converges to H(W(C)) after finitely many steps. By assumption, HF ∗(W,V1)
is a direct summand of H(W(C)), hence its total rank cannot be more than that
of (2.7). An application of Poincaré duality in Lagrangian Floer theory translates
this into the original statement (2.4).
Remark 2.7. While [36] considers only Floer cohomology with coefficients in K =
F2, the part that is relevant here works over an arbitrary coefficient field. Note also
that the definition of wrapped Floer cohomology in [36] is not quite the standard one,
being instead adapted to the special case of Lefschetz thimbles. However, the two
notions are equivalent, as explained in [36, Remark 3.1] (and in fact, a somewhat
weaker statement would be sufficient for our purpose). Finally, we should mention
that there is an alternative argument, which derives the same conclusion from (2.14)
by algebraic manipulations.
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2f. Algebraic computations in wrapped Floer cohomology. We next turn
to Property 2.5, first concentrating on the purely algebraic aspects, for which we use
the language and results of [49]. As before, B is a strictly unital A∞-category which
is quasi-isomorphic to the full A∞-subcategory of F(M) with objects (V1, . . . , Vm).
By definition, B is a Z/2-graded A∞-category over K with m ordered objects.
Equivalently, one can view it as an A∞-algebra over the semisimple ring
(2.8) R = Ke1 ⊕ · · · ⊕Kem, e
2
i = ei, eiej = 0 for i 6= j.
Then, strict unitality means that B contains a copy of R, embedded in a way
compatible with the Z/2-grading and R-bimodule structure, and such that
(2.9)
µ1B(ei) = 0,
µ2B(ei, x) = (−1)
|x|eix, µ
2
B(x, ei) = xei,
µdB(· · · , ei, · · · ) = 0 for all d > 2.
We also have the directed A∞-subcategory A ⊂ B, which as an algebra can be
written as A = R⊕
⊕
i<j ejBei (note that the cohomology of ejBei is HF
∗(Vi, Vj)
by definition). Finally, we have the curved A∞-algebra D = A ⊕ tB[[t]] ⊂ B[[t]]
with added curvature term µ0
D
= t(e1 + · · ·+ em), as introduced in [52].
We want to consider the associated categories of A∞-modules. More precisely,
let mod(A) be the A∞-category (in fact, differential graded category) of finite-
dimensional strictly unital right A-modules. This is quasi-equivalent to tw(A), in
a way which sends each object Vi to the projective A∞-module eiA [51, Corollary
5.26]. For D, we have an analogous category modt(D) of finite-dimensional strictly
unital torsion A∞-modules [49, Section 4]. By definition, an object N of modt(D)
comes with a finite decreasing filtration F jN, which is compatible with its structure
maps µ
1|d
N
: N⊗R D
⊗d → N[1− d] in the sense that
(2.10) µ
1|d
N
(F jN ⊗ tkdD⊗ · · · ⊗ tk1D) ⊂ F j+k1+···+kdN
(the definition of morphisms in modt(D) also has a slight twist [49, Equation (4.7)],
which takes the t-adic topology ofD into account). The projectionD→ D/tB[[t]] =
A induces a pullback functor Π : mod(A) → modt(D). Given any object N of
modt(D), the successive quotients F jN/F j+1N lie in the image of Π up to isomor-
phism. Hence, the pullbacks Π(eiA) generate modt(D).
Lemma 2.8. Take B considered as an A-module. Then Π(B) is zero (by this, we
mean that its endomorphism space is acyclic). Conversely, suppose that we have
some other A∞-category C, and an A∞-functor Φ : mod(A)→ C such that Φ(B) is
zero. Then, Φ factors through Π, up to quasi-isomorphism of functors.
Proof. This is a reformulation of results from [49]. For any object M of mod(A) we
have a short exact sequence of modules
(2.11) 0→M⊗A A −→M⊗A B −→M⊗A (B/A)→ 0,
where the left term is canonically quasi-isomorphic to M itself. The connecting
homomorphism is a morphism tM : M⊗A (B/A)→M of degree one, unique up to
homotopy. By [49, Theorem 4.1], the image of tM under Π is a quasi-isomorphism,
which implies that Π(M ⊗A B) is zero. Specializing to M = A yields the first
part of our statement. Now take some Φ such that Φ(B) is zero. The summands
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Φ(eiB) = Φ(eiA⊗AB) of Φ(B) must also map to zero, and from there by a filtration
argument, we conclude that Φ(M⊗AB) vanishes for general M. As a consequence,
the image of tM under Φ is a quasi-isomorphism. From this, we conclude that if
M has the property that tM is nilpotent in the sense of [49, Section 1], then Φ(M)
must be zero. Since modt(D) is quasi-equivalent to the quotient of mod(A) by
the subcategory of M with this nilpotence property [49, Theorem 4.1], the desired
factorization follows from the general theory of (dg or A∞) categorical quotients
[31, 16, 34]. 
For the next step of our argument, let B˜ ⊂ B be the full A∞-subcategory containing
only the last m − 1 out of our m original objects. This can also be thought of as
an A∞-algebra over R˜ = Ke2 ⊕ · · · ⊕ Kem ⊂ R. Analogously, we have A˜ and D˜,
together with the pullback functor Π˜ : mod(A˜)→ modt(D˜).
Lemma 2.9. Suppose that both Π(e1A) and Π˜(A˜) are zero. Then, Π(A) is also
zero.
Proof. Because of directedness, any module M over A sits in a canonical short exact
sequence
(2.12) 0→Me1 −→M −→M/Me1 → 0.
Here, the submodule Me1 is quasi-isomorphic to a direct sum of shifted copies of
the simple module e1A = e1Ae1 = Ke1. Modules with Me1 = 0 are the same as
modules over the smaller algebra A˜ (in more abstract terms, this yields a coho-
mologically fully faithful embedding mod(A˜) → mod(A), for which the projection
M 7→M/Me1 is a right adjoint).
First take M = eiB for some i > 1. We know from Lemma 2.8 that Π(eiB)
is zero, and so is Π(eiBe1) by assumption. It follows that Π sends the quotient
eiB/eiBe1 to zero, but that quotient can be identified with eiB˜. As a consequence
of this and Lemma 2.8 applied to the smaller algebra, we have a factorization up
to quasi-isomorphism of functors
(2.13) mod(A˜) //
Π˜

mod(A)
Π

modt(D˜) //___ modt(D).
Now consider M = eiA for some i > 1. Again by assumption, Π(eiAe1) is zero. By
the factorization established above, Π(eiA/eiAe1) = Π(eiA˜) is the image of Π˜(eiA˜)
under some A∞-functor, hence zero by the other part of our assumption. These
two facts imply that Π(eiA) is zero, as claimed. 
There is a conjectural formula for wrapped Floer cohomology of Lefschetz thimbles,
stated in [49] and proved in [6, Appendix]. This says that for any 1 ≤ i ≤ m,
(2.14) HW ∗(∆i,∆i) ∼= H
∗(hommodt(D)(Π(eiA),Π(eiA))).
Hence, if HW ∗(∆1,∆1) = 0, then Π(e1A) is zero. Of course, the corresponding
statement holds for each thimble ∆˜i as well. Hence, if HW
∗(∆˜i, ∆˜i) = 0, then
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Π˜(eiA˜) is zero, and if this holds for all 2 ≤ i ≤ m, then Π˜(A˜) is zero. Under these
assumptions, Lemma 2.9 implies that HW ∗(∆i,∆i) = 0 for all i, which completes
the proof of Property 2.5.
The proof of Property 2.6 relies on the same technology. Suppose that we have
two different geometric situations, with the same number of vanishing cycles, and
in which the associated A∞-algebras B are quasi-isomorphic over R. Without
loss of generality, we may assume that the quasi-isomorphism is strictly unital [33,
Théorème 3.2.2.1]. Then, it automatically induces a quasi-isomorphism between the
directed subalgebras A, and a filtered quasi-isomorphism between the curved A∞-
algebras D. These in turn induce quasi-equivalences of the associated categories
modt(D), which are compatible with the pullback maps Π. In view of (2.14), this
proves the desired statement.
Remark 2.10. In a paper in preparation, the authors will give a proof of (2.14)
which is independent of [6], under the additional assumption that the coefficient
field K is of characteristic 6= 2 (this technical restriction is inherited from [51]).
Relying on this alternative approach would require that we exclude characteristic 2
from Theorems 1.1, 1.3 and 1.6. The applications in Corollaries 1.2, 1.5 and 1.7
would still be valid as stated.
2g. The open-closed string relationship. The last remaining fundamental fact
stated in Section 2d is Property 2.3. One direction is easy and uses only general
TQFT type operations, see for instance [45, Theorem 56]: SH ∗(E) is a unital
ring, and the wrapped Floer cohomology of any exact Lagrangian submanifold
with Legendrian boundary (or more generally, any pair of such submanifolds) is a
module over that ring. Hence, if SH ∗(E) vanishes, so do all the wrapped Floer
cohomology groups.
The converse is a consequence of the surgery formula for symplectic cohomology
from [6]. A quick way of deriving this would be as follows. Conjectural algebraic
formulae for SH ∗(E) and HW ∗(∆i,∆i) were given in [52, 49]. In this framework,
it follows from [49, Lemma 5.2] that if the algebraic counterpart of HW ∗(∆i,∆i)
vanishes for all i, then so does that of SH ∗(E). Finally, these conjectures were
proved in [6, Appendix]. However, this strategy is a bit roundabout, and involves
more Lefschetz fibration theory than is strictly necessary. We will therefore also
give a more direct argument, which stays close to [6, Section 6.2].
For that, let us start with algebraic preliminaries. Let R be the semisimple ring
from (2.8). Given any Z/2-graded R-bimodule C, one can form the associated
tensor algebra T (C) over R. More concretely, C is the direct sum of Z/2-graded
K-vector spaces ejCei. If one thinks of basis elements of those vector spaces as
letters, then T (C) consists of composable words:
(2.15)
T (C) = R⊕ C ⊕ C ⊗R C ⊕ · · ·
= R⊕
⊕
i,j
ejCei ⊕
⊕
i,j,k
ekCej ⊗K ejCei ⊕ · · ·
Suppose that we are given a differential δ which makes T (C) into a unital differential
graded algebra over R. Such a differential is uniquely determined by its behaviour
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on generators, which is an R-bimodule map C → T (C). In particular, we can then
consider the diagonal part
(2.16) T (C)diag =
⊕
i
eiT (C)ei = R⊕
⊕
i
eiCei ⊕
⊕
i,j
eiCej ⊗K ejCei ⊕ · · · ,
which is a direct summand of T (C) as a chain complex. Next, take Ω(C) =
(C[1] ⊗R T (C))
diag, where the diagonal part is defined as before. There is an
induced differential δcycl on this, well-known in the algebra literature (see [44] or
[32, Section 7.2]). To define that, it is convenient to think of the generators of
Ω(C) as formal noncommutative one-forms c1 · · · ci−1 dci ci+1 · · · cr, with the rule
that any two such expressions which are related by a cyclic permutation are the
same (up to the standard Koszul signs). Then, δcycl is formally identical to the
standard way of applying the Lie derivative of a vector field to a one-form. One
can form a total complex
(2.17)
(
T (C)diag ⊕ Ω(C),
(
δ S
0 δcycl
))
,
where S(dc1 c2 · · · cr) = c1c2 · · · cr − (−1)
|c1|(|c2|+···+|cr|)c2 · · · crc1. Next, suppose
that C itself comes with an exhausting increasing filtration 0 = F0C ⊂ F1C ⊂ · · · ,
such that δ is strictly decreasing with respect to the induced filtration of T (C).
Lemma 2.11. If T (C)diag is acyclic, then so is (2.17).
Proof. Clearly, we can quotient out by T (C)diag, hence only need to show that
Ω(C) is acyclic. Equip Ω(C) with the filtration FpΩ(C) = (FpC[1] ⊗ T (C))
diag,
which is compatible with δcycl by definition. Then, each associated graded space is
(2.18) FpΩ(C)/Fp−1Ω(C) =
⊕
i,j
ejFpC[1]/Fp−1C[1]ei ⊗K eiT (C)ej ,
with a differential which is id⊗δ. Because of the algebra structure of T (C), acyclic-
ity of its diagonal part implies the acyclicity of the whole, hence of eiT (C)ej for
any (i, j). Hence, all quotients (2.18) are acyclic, and so is Ω(C) itself. 
To explain the geometric relevance of this, we have to consider the following instance
of Weinstein handle attachment. Suppose that we have a Liouville domain E0 with
SH ∗(E0) = 0, as well as a collection ofm disjoint Legendrian spheres (K01 , . . . ,K
0
m)
in ∂E0. Let E1 be the Liouville domain obtained by attaching a Weinstein handle to
each sphere. This contains canonical Lagrangian discs with Legendrian boundary,
the co-cores (W 11 , . . . ,W
1
m) (see Section 3a below, and references there, for a more
detailed discussion). Assuming suitably generic properties of the Reeb flow, let
ejCei be the space freely generated by Reeb chords joining K
0
i to K
0
j ; any choice of
orientation on the spheres determines a Z/2-grading by intersection number. Then,
the differential graded algebra (T (C), δ) defined above is LHA(K0) in the notation
from [6], where K0 = K01 ∪ · · · ∪K
0
m; while (2.17) is LH
Ho(K0). The cohomology
of the latter complex is SH ∗(E1) by [6, Corollary 5.7]. There is also an open
string analogue of the statement, which is a minor variation on [6, Theorem 5.8],
and which says that the cohomology of eiT (C)ei is the wrapped Floer cohomology
HW ∗(W 1i ,W
1
i ) in E
1. Finally, C carries a filtration by action, which is indexed by
reals but only jumps at a discrete set of values. The argument from Lemma 2.11
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still goes through in this slightly modified algebraic framework. The conclusion is
that the vanishing of HW ∗(W 1i ,W
1
i ) for all i implies that of SH
∗(E1) (compare
[6, Section 6.2], which discusses the case of a single handle attachment). To apply
this to our situation, we need to recall that forming the total space of a Lefschetz
fibration can be thought of as a special case of handle attachment, where E0 is a
version of D2 ×M with the corners rounded off, the K0i arise from the vanishing
cycles, E1 = E, and W 1i = ∆i are the Lefschetz thimbles (see Remark 2.2, or [6,
Section 7] for a more detailed discussion). Since the symplectic cohomology of E0
vanishes by [43], Property 2.3 follows.
Remark 2.12. In forthcoming work, the authors will give a proof of Property 2.3
by a “decomposition of the diagonal” argument, which is independent of [6].
2h. A digression. We need to explain a technical point which was tacitly used in
our proof of Property 2.3. Namely, even though all statements in [6] are originally
formulated for K = Q, the specific parts we require work for arbitrary K. This
is not really surprising (compare for instance [17], which introduced rational Sym-
plectic Field Theory for Lagrangian submanifolds with coefficients in K = F2), and
only requires careful inspection of the moduli spaces involved. As a representative
sample, we consider the definition of reduced symplectic cohomology SH ∗+(M) in
an SFT framework, following [6, Sections 2 and 3] (see also [7]). The other mod-
uli spaces relevant for our purpose (the ones underlying the construction of full
symplectic cohomology, Legendrian contact homology, and the isomorphism in [6,
Corollary 5.7]) can be treated analogously.
Fix a finite type Liouville manifold M . Let N be its boundary at infinity, which
in the terminology of Section 2a means a large level set h−1(c), c ≫ 0, with its
contact one-form. At infinity, M is isomorphic to the positive half R+ ×N of the
symplectization of N . Equip the symplectization with an almost complex structure
in the standard translation-invariant way (see for instance [22, Section 1.4]). Then,
equip M with an almost complex structure which, at infinity, agrees with the one
on the symplectization.
Without essential loss of generality, we may assume that all periodic orbits of the
Reeb flow on N are transversally nondegenerate. Given two such orbits (possibly
multiply covered, but unparametrized) γ+ and γ−, we consider the moduli space
MO(γ−, γ+) of anchored holomorphic cylinders, following [6, Section 2.3]. Points of
these moduli spaces are represented by the following kind of structure:
• Take a nodal genus zero Riemann surface C¯ with two (smooth and distinct)
marked points z¯0,+, z¯0,−. We denote by C the normalization of C¯. By
definition, special points of C are the preimages of our marked points,
denoted by z0,±, and preimages of the nodes, denoted by zi,± for i = 1, . . . , k
(the labeling rule is that, of the two preimages of any given node, zi,+ is the
one lying on the component that is combinatorially further away from z0,+;
see Figure 1). The complement of the special points is written as C◦ ⊂ C.
Additionally, for each zi,+, 0 ≤ i ≤ k, we want to have an asymptotic
marker [22, Section 1.5], which means an isomorphism TCzi,+
∼= C, unique
up to multiplication with R+.
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Note that if we have a smooth genus zero Riemann surface with two marked points,
that surface can be identified with the Riemann sphere by sending one point to 0
and the other to ∞; in particular an asymptotic marker at one point determines
one at the other. In our situation, we are given an asymptotic marker at exactly
one point of each connected component of C, and that therefore induces markers
at the other points as well.
• To each marked point zi,± we associate a Reeb orbit γi,±, as follows. γ0,± =
γ± are the given orbits. For i > 0, we require that γi,+ = γi,−.
At this point, still following [6, Section 2.3], a small but significant difference from
the classical SFT setup occurs. Namely, we do not choose preferred points on any
of the Reeb chords.
• Denote by M¯ the disjoint union of M and infinitely many copies of R×N .
We then want to have a map u : C◦ → M¯ which is a pseudo-holomorphic
building in the sense of [5, Section 9], with asymptotic limits γi,± at the
points zi,± (Figure 2). For i > 0, we require that the parametrizations of
the orbits γi,± inherited from our asymptotic markers should coincide.
As usual, there is a stability condition, which places some restrictions on trivial
cylinders. Two holomorphic buildings define the same point of MO(γ−, γ+) if they
are identified by a combination of the following two relations. The first one is
isomorphism of the domains, compatible with the asymptotic markers. The second
is translation on each R×N component of the target space. As a consequence, the
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moduli space comes with evaluation maps
(2.19) MO(γ−, γ+) −→ γ− × γ+,
where γ
±
are the geometric images (which are copies of the underlying simple orbits)
of γ±. As part of the general definition, each point of the moduli space also carries
an automorphism (or isotropy) group. Stability ensures that this is finite, but in
our case it is actually always trivial. This is because, given a sphere with a marked
point and an asymptotic marker at that point, there are no nontrivial finite order
automorphisms which preserve that marker. Pre-gluing of different components of
our pseudoholomorphic maps must be compatible with the asymptotic markers by
definition, hence there is no ambiguity in gluing the ends together. These two facts
together ensure that MO(γ−, γ+) can be given the structure of an M-polyfold, in
the sense of [29]. Note that in this framework, the “boundary strata” of our moduli
spaces are fibre products rather than products, meaning that for any γ we have a
canonical embedding
(2.20) MO(γ−, γ)×γ MO(γ, γ+) →֒MO(γ−, γ+)
where the fibre product is taken with respect to (2.19). This is formally the situation
of any Morse-Bott type theory. By taking suitable preimages under the evaluation
maps, one can define subspaces of our moduli spaces, and (applying the standard
machinery) obtain point-counting numbers which can be used to define a chain
complex SC ∗+(M), with two generators for each Reeb orbit (including “bad orbits”),
a process which is described in detail in [6, Section 3.2]. In the M-polyfold context,
these numbers are integers, hence the chain complex can be defined with coefficients
in any field (or indeed, abelian group). The cohomology of this complex is then
SH ∗+(M).
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2i. Almost symplectic geometry. This is an elementary postscript to our dis-
cussion of Picard-Lefschetz theory, in which we recall its homotopy theoretic ana-
logue. First, an almost symplectic manifold is a manifold M2n together with a
two-form ωM which is pointwise nondegenerate, but not necessarily closed (this is
the same as an Sp(2n,R) structure on the abstract vector bundle TM →M).
An almost symplectomorphism between two such manifolds is a diffeomorphism
φ : M → M˜ together with a one-parameter family (ωt)0≤t≤1 of almost symplec-
tic structures, which interpolate between ω0 = ωM and ω1 = φ
∗ωM˜ . Similarly,
an almost Lagrangian submanifold of an almost symplectic manifold M is an n-
dimensional submanifold L together with a one-parameter family (ωt) as before,
such that ω0 = ωM and ω1|L = 0 (equivalently up to homotopy, one could describe
this structure by giving an n-dimensional subbundle of TM |L → L × [0, 1] which
equals TL over L × {0} and is ωM -isotropic over L × {1}). Note that both no-
tions are isotopy invariant. Namely, if φ is an almost symplectomorphism and φ˜
is another diffeomorphism isotopic to φ, the isotopy equips φ˜ with an almost sym-
plectomorphism structure. Similarly, if L is almost Lagrangian and L˜ is isotopic to
it, the isotopy equips L˜ with an almost Lagrangian structure (one can see this, for
instance, by embedding the isotopy into one of diffeomorphisms).
Suppose that (M,ωM ) is almost symplectic, and L ⊂ M an almost Lagrangian
sphere (which should come with a diffeomorphism Sn → L, unique up to the
same ambiguities as in Section 2d). One can then define the Dehn twist τL as an
almost symplectomorphism of M , unique up to isotopy in an appropriate sense.
We should recall that for n = 2, the square τ2L is isotopic to the identity through
almost symplectomorphisms [46]. Suppose that we are given an ordered family
(V1, . . . , Vm) of almost Lagrangian spheres. One can use those as vanishing cycles
and construct a (2n + 2)-dimensional almost symplectic manifold E. The almost
symplectic isomorphism type of E depends only on the isotopy class of the vanishing
cycles as almost Lagrangian spheres. Of course, in the actual symplectic case all
these notions specialize to the standard ones.
3. Altering Lefschetz fibrations
3a. Weinstein handle attachment. As announced before, we need to consider
the construction of Weinstein handles [59] of critical dimension in a little more
detail. Let M0 be a Liouville domain of dimension 2n ≥ 4, and K0 ⊂ ∂M0 a
Legendrian sphere. Attaching a Weinstein handle to K0 yields a larger Liouville
domain M1 ⊃ M0. The new boundary ∂M1 always contains another Legendrian
sphere K1, which is in fact the boundary of a Lagrangian disc W 1 ⊂M1 \M0, the
co-core of the handle. Of particular interest for us is the case when the original Leg-
endrian sphere K0 already comes as the boundary of a Lagrangian disc W 0 ⊂M0.
Then, W 0 and the core of the handle can be glued together to form a Lagrangian
homotopy sphere L1 ⊂M1, which intersects W 1 transversely in a single point (see
Figure 3 for a schematic description).
In the simple form just described, the handle attachment process is not quite
unique. To fix this, we want our attaching sphere to come with a diffeomorphism
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Sn−1 → K0, unique up to isotopy and composition with elements of O(n), just as
for vanishing cycles. This diffeomorphism determines the handle attachment up to
deformation within the class of Liouville domains. Note that the co-core disc W 1
always comes with a diffeomorphism Dn → W 1, unique up to the same ambiguity
as before (the additional information contained in this is trivial except possibly in
dimensions n = 4, 5, since Diff+(Dn) is connected for all other n [54, 10, 11]). By
restriction, we get a diffeomorphism Sn−1 → K1 (this allows one to iterate the
handle attachment process in a natural way). In the case where K0 = ∂W 0, we
can similarly assume that our given diffeomorphism Sn−1 → K0 is the restriction
of a diffeomorphism Dn → W 0. That choice ensures that the resulting L1 ⊂ M1
is an actual differentiable sphere. In fact, it will then come with a diffeomorphism
Sn → L1, unique in the same sense as before. From now on, whenever we dis-
cuss handle attachment, these additional diffeomorphism data are assumed to be
present.
Weinstein handles appear in the context of stabilization of open book decomposi-
tions [28], and also in the related argument for Lefschetz fibrations. Suppose as
before that M0 contains a Lagrangian disc W 0, and let M1 be the outcome of the
associated handle attachment, with its Lagrangian sphere L1. We then have the
following folk stabilization theorem:
Lemma 3.1. Take any collection of Lagrangian spheres V 0i , 1 ≤ i ≤ m, in
M0. The total space of the Lefschetz fibration with fibre M0 and vanishing cy-
cles (V 01 , . . . , V
0
m) is deformation equivalent, as a Liouville domain, to that of the
fibration with fibre M1 and vanishing cycles (V 11 , . . . , V
1
m+1), where
(3.1) V 1i =


V 0i i < j,
L1 i = j,
V 0i−1 i > j
for an arbitrary choice of 1 ≤ j ≤ m+ 1. 
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We complete our discussion by presenting a slightly different viewpoint. First, as
a somewhat trivial example of the general class of Morse-Bott handle attachments
[30], we have the following process. Take two Liouville domains M0+ and M
0
−,
together with Legendrian embeddings K →֒ ∂M0± of the same closed manifold into
their respective boundaries, with image K0±. One can then form a Liouville domain
M1 ⊃ M0+ ∪M
0
− by attaching a handle with core K × [−1, 1]. The actual form of
the handle is
(3.2)
H = {(x, s, t) ∈ T ∗K × R× [−1, 1] : ‖x‖2 + s2 ≤ ǫ},
θH = θT∗K + 2s dt+ t ds.
Here, θT∗K is the canonical one-form on the cotangent bundle, ‖ · ‖ is the norm
obtained from some Riemannian metric on K, and ǫ > 0 a small number. H is a
manifold with corners, whose boundary is the union of ∂outH = {‖x‖
2 + s2 = ǫ}
and ∂inH = {t = ±1}. The Liouville vector field
(3.3) ZH = ZT∗K + 2s∂s − t∂t
points strictly outwards along ∂outH , and strictly inwards along ∂inH . Using the
local normal form theorem for Legendrian submanifolds inside contact type hyper-
surfaces [59, Proposition 4.2], we glue togetherM0± andH , identifying the two parts
of ∂inH with neighbourhoods of K
0
± ⊂ ∂M
0
±. The result at this point is a sym-
plectic manifold with concave codimension two corners, and which can be equipped
with a Liouville vector field that points strictly outwards everywhere. It is then
easy to smooth out the corners while preserving the last-mentioned property.
Weinstein’s construction can be thought of as a special case of the one we have
just described, as follows. Given a single Legendrian sphere K0+ ⊂ ∂M
0
+, we take
M0− = D
2n to be the unit disc with its standard Liouville structure (meaning that
the Liouville vector field is radial), and K0− the flat sphere {0}
n × Sn−1 ⊂ ∂M0−.
Attaching (3.2) with K = Sn−1 is then the same as Weinstein handle attachment.
In this picture (see Figure 4), the co-core disc is Dn × {0}. If we assume that K0+
is the boundary of some Lagrangian disc in M0+, the resulting sphere L1 is given
by the union of that disc with {0} × Dn ⊂ D2n and Sn−1 × [−1, 1] ⊂ H . This
is of course not all that different from the original description, but it will prove
convenient for us.
3b. A double handle attachment. Start with a decomposition of the sphere
Sn−1 into two (not necessarily connected) codimension zero submanifolds U±, which
intersect exactly along their common boundary ∂U+ = ∂U−, and of which one has
Euler characteristic
(3.4) χ(U−) = 1.
We can find a smooth C1-small function g : Sn−1 → R having 0 as a regular value,
with g−1(0) = ∂U+ ∩ ∂U−, and which is strictly positive on the interior of U+, as
well as strictly negative on the interior of U−. Extend this to a smooth function
(3.5) g : Rn −→ R,
small in the interior of the unit disc, and satisfying g(tq) = t2g(q) for all |q| ≥ 1/2
and t ≥ 1. This gives rise to a Lagrangian submanifold
(3.6) G = Graph(dg) ∩D2n ⊂ D2n.
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Here, Graph(dg) = {p = dgq} is thought of as lying inside T
∗Rn = R2n, and we
then intersect it with the unit disc. G intersects the boundary in a Legendrian
submanifold. To see that, note that the homogeneity assumption implies that
D2gq(q, ·) = dgq, which in turn implies that on the region where |q| ≤ 1/2, the
radial vector field ZR2n is tangent to the graph of dg. On the other hand, by
choosing g small we may assume that for all |q| ≤ 1/2, ‖dgq‖
2 < 3/4, which means
that the relevant part of the graph of dg stays inside the unit ball. Hence, along
its boundary G is tangent to the radial vector field, which implies the desired
condition. The same argument shows that G itself projects to a star-shaped region
with smooth boundary in {0}n × Rn, hence is a disc. Finally, homogeneity and
the regularity assumption on the zero level set imply that g has no critical points
outside the region |q| < 1/2. From this, we conclude that ∂G is disjoint from the
standard sphere {0}n × Sn−1.
Lemma 3.2. By a (smooth but not usually Lagrangian) isotopy inside D2n which
leaves ∂G fixed, one can make G disjoint from the zero-section.
Proof. The degree of dg is (up to sign) the Euler characteristic of R2n relative
to a sufficiently negative level set of g, which is the Euler characteristic of the
pair (D2n, U−), hence zero by assumption (3.4). One can therefore find a family
(Xt)0≤t≤1 of maps R
n → Rn, such that X0 = dg, ∂tXt = 0 outside a compact
subset, and X1 is nowhere vanishing. The graphs Graph(Xt) form a compactly
supported isotopy which displaces Graph(dg) from the zero-section. Using the
homogeneity property, one can easily shrink this so that it is supported inside the
unit disc. 
We now describe our main construction. Start with a Liouville domain M0 con-
taining both a Lagrangian sphere L0 and a Lagrangian disc W 0 with Legendrian
boundary, such that L0 andW 0 intersect transversely and in a single point. Attach
a Weinstein handle to K0 = ∂W 0, forming M1. We want to follow the alternative
description of handle attachment indicated above, according to which M1 contains
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a copy of D2n. Since ∂G is disjoint from the submanifold {0} × Sn−1 near which
we attach (3.2), it survives into ∂M1 if the size ǫ of the handle is chosen to be
sufficiently small. In this way, we get another Lagrangian disc W 1 = G in M1
with boundary ∂W 1 = ∂G. Attach a second Weinstein handle to this, and denote
the result by M2. By construction, this contains a Lagrangian sphere L2 obtained
by gluing together W 1 and the core disc of the second handle. Finally, we have
the co-core disc of that handle, which we denote by W 2 ⊂ M2 (Figure 5 gives an
overview of the situation). Because the intersections are so simple, it is easy to
show that
HF ∗(L1, L0) ∼= K,(3.7)
HF ∗(L2, L0) = 0,(3.8)
HF ∗(W 2, L0) = 0,(3.9)
HF ∗(W 2, L1) = 0,(3.10)
HF ∗(W 2, L2) ∼= K.(3.11)
Strictly speaking, to get Z/2-graded Floer cohomology groups, we need to fix ori-
entations of all our Lagrangian submanifolds. Supposing that an orientation of L0
is given, let us orient L1 so that (3.7) is nontrivial in odd degree. G inherits a stan-
dard orientation as graph, and we equip L2 with the induced orientation. Finally,
W 2 is oriented so that (3.11) is nontrivial in even degree.
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Lemma 3.3. HF ∗(L2, L1) ∼= H˜∗−1(U−;K), where the right hand side is reduced
(ordinary) cohomology.
Proof. By rescaling the function g appropriately, one can achieve (without changing
∂G and hence the rest of the construction) that the holomorphic strips involved in
computing this Floer cohomology group have very small energy. By Monotonicity
Lemma arguments, this implies that all these strips are actually contained in D2n,
so we can carry out the computation there. By the same argument, the Floer
cohomology of (G, {0}n×Dn) inside D2n is the same as that of (Graph(dg), {0}n×
Rn) inside R2n. Finally, by a variant of Floer’s classical result [24] (see also [25]), the
latter group can be identified with the Morse cohomology of the function g, which
is the ordinary cohomology of R2n relative to any sufficiently negative sublevel set,
or equivalently the relative cohomology H∗(Dn, U−;K) ∼= H˜
∗−1(U−;K). 
Given any integer ρ ≥ 0, we now apply a sequence of Dehn twists, forming a new
Lagrangian sphere
(3.12) τρ
L2
τL1(L
0) ≃ τρ
L2
τ−1
L0
(L1) ≃ τ−1
L0
τρ
L2
(L1).
Here, the first ≃ is the Lagrangian isotopy from [46, Appendix A], which in this
case is compatible with orientations because of the assumption on (3.7). The second
≃ is obvious because L0 and L2 are disjoint (it will be an equality if the supports
of the Dehn twists are chosen sufficiently small). We first consider the topological
aspect of this:
Lemma 3.4. Up to isotopy of almost Lagrangian spheres, τρ
L2
τL1(L
0) is indepen-
dent of ρ.
Proof. Lemma 3.2 shows that one can make L2 disjoint from L1 by an isotopy
of embedded spheres. Denote the result by L˜2, equipping it with the almost La-
grangian structure inherited from the isotopy. Then, τL˜2 is isotopic to τL2 through
almost symplectomorphisms. But τρ
L˜2
(L1) ≃ L1 for all ρ, hence the result follows
by looking at the rightmost expression in (3.12). 
Returning to actual symplectic geometry, (3.12) implies that
HF ∗(L2, τρ
L2
τL1(L
0)) ∼= HF ∗−ρ(n−1)(L2, L1),(3.13)
HF∗(W 2, τρ
L2
τL1(L
0)) ∼= HF ∗(τ
−ρ
L2
(W 2), L1).(3.14)
The shift in (3.13) appears because τL2 reverses the orientation of L
2 if n is even.
We will need to compute the last-mentioned group more precisely:
Lemma 3.5. The total dimension of HF ∗(W 2, τρ
L2
τL1(L
0)) is ρ times that of
H˜∗(U−;K).
Proof. Let us temporarily restrict to the simplest imaginable example, namely when
M0 = D∗Sn is the unit cotangent bundle of the sphere, L0 is the zero-section,
and K0 a fibre. Because the attachment process involves only n-handles, M2 is
necessarily homotopy equivalent to a wedge of three n-spheres. For n > 2, this
directly implies that c1(M
2) = 0. For n = 2, we reach the same conclusion after
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observing that H2(M
2) ∼= Z3 is generated by the classes of the Lagrangian spheres
Lk (k = 0, 1, 2). Given this, we can equip all our Lagrangian submanifolds with
gradings, and then refine the Z/2-gradings of their Floer cohomology groups to Z-
gradings. More precisely, L1 should be graded so that (3.7) is nontrivial in degree
one; G carries the preferred grading as a graph, and we extend that to L2; finally,
W 2 is graded so that (3.11) is nontrivial in degree zero. Then Lemma 3.3 and
Equation (3.13) hold as isomorphisms of graded groups, the latter thanks to the
self-shift formula τL2(L
2) = L2[1 − n] [47, Lemma 5.7]. From [48] we have a long
exact sequence
(3.15) · · · → HF ∗(L2, L1)⊗HF ∗(τ−ρ
L2
(W 2), L2)
−→ HF ∗(τ−ρ
L2
(W 2), L1) −→ HF ∗(τ
−(ρ+1)
L2
(W 2), L1)→ · · ·
The left-hand term can be computed explicitly:
(3.16)
HF ∗(L2, L1)⊗HF ∗(τ−ρ
L2
(W 2), L2) ∼= HF ∗(L2, L1)⊗HF ∗(W 2, τ
ρ
L2
(L2))
∼= HF ∗(L2, L1)⊗HF ∗−ρ(n−1)(W 2, L2)
∼= H˜∗−ρ(n−1)−1(U−;K).
Since U− is a compact (n − 1)-manifold with no closed components, its reduced
cohomology is concentrated in degrees [0, n−2], so (3.16) is concentrated in degrees
[ρ(n − 1) + 1, (ρ + 1)(n − 1)]. Note that these intervals do not overlap. Starting
with (3.10) and applying (3.16) repeatedly, we conclude that the left hand term in
(3.15) is nonzero only in degrees > ρ(n − 1), whereas the middle term is nonzero
only in degrees < ρ(n− 1). Hence, the map between those two must vanish, which
(arguing by induction) implies that
(3.17) HF ∗(W 2, τρ
L2
τL1(L
0)) ∼=
ρ−1⊕
i=0
H˜∗−i(n−1)(U−;K).
A priori this is just valid for one example, but anyM0 with our general assumptions
contains a small cotangent disc bundle around L0, and the resulting M2 then
contains the manifold considered in our computation as a Liouville subdomain.
By standard convexity arguments, such as [2, Lemma 7.2], the Floer cohomology
computation can be done inside the smaller space, which completes the argument.

We will also need to carry out this process for several Lagrangian spheres simulta-
neously. Namely, suppose that M0 contains Lagrangian spheres (L01, . . . , L
0
m), and
in addition has the following property:
Assumption 3.6. InsideM0, there are Lagrangian discs with Legendrian boundary
(W 01 , . . . ,W
0
m), such that each W
0
i intersects L
0
i transversely and in a single point
(note that W 0i is allowed to intersect the other L
0
j , j 6= i, arbitrarily). Moreover, we
assume that the boundaries of theW 0i are mutually disjoint (which is unproblematic,
since it can always be achieved by a generic perturbation).
Let M2 be the Liouville manifold obtained by carrying out a double handle attach-
ment along each of the W 0i , for 1 ≤ i ≤ m (using the same decomposition U± and
function g each time, for simplicity). This contains Lagrangian spheres L1i and L
2
i ,
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as well as discs W 2i . The analogues of Lemma 3.4 and of the Floer cohomology
computations hold for each i. In the latter case, this is again by a convexity ar-
gument, which shows that when computing Floer cohomology relevant to the i-th
collection, the presence of the other handle attachments can be ignored.
3c. Homologous recombination. LetM be the fibre of an exact Lefschetz fibra-
tion, with vanishing cycles (V1, . . . , Vm), and total space (after rounding off corners)
E. Set M = M0 and L0i = Vi; assume in addition that M contains discs W
0
i =Wi,
such that Assumption 3.6 is satisfied. The resulting M˜ = M2 will be equipped
with a new set of vanishing cycles (V˜1, . . . , V˜3m), namely
(3.18)


V˜3i−2 = τ
ρ
L2
i
τL1
i
(L0i ),
V˜3i−1 = L
2
i ,
V˜3i = L
1
i
where ρ > 0 is fixed (in principle, one could choose different values of ρ for different
i, but we will not make use of this additional freedom). Using these, we construct
a new Lefschetz fibration, whose total space will be denoted by E˜, with Lefschetz
thimbles (∆˜1, . . . , ∆˜3m).
Lemma 3.7. If ρ = 1, E˜ is deformation equivalent to E (as a Liouville domain).
Proof. Through Hurwitz moves (see for instance [3]), which do not affect the de-
formation class of the total space, we can change our collection (3.18) as follows:
(3.19)
(τL2
1
τL1
1
(L01), L
2
1, L
1
1, . . . )
∼ (L21, τL11(L
0
1), L
1
1, . . . )
∼ (L21, L
1
1, L
0
1, . . . , L
2
m, L
1
m, L
0
m).
Inside M˜ = M2 we have Lagrangian discs W 2i , each of which intersects L
2
i trans-
versely in a single point, and is disjoint from all the other Ljk. In the local model
(3.6), we have the cotangent fibre Dn × {0}, which intersects G transversely in
a single point. These fibres give rise to m other Lagrangian discs in M˜ , each of
which intersects one L1i transversely in a single point, and is disjoint from the other
Ljk. By applying Lemma 3.1 repeatedly, one reduces the situation to the original
collection of vanishing cycles in M . 
Lemma 3.8. For any ρ, E˜ is almost symplectomorphic to E.
Proof. The almost symplectomorphism type of E˜ depends only on the isotopy
classes of vanishing cycles as almost Lagrangian submanifolds. In view of Lemma
3.4, we can therefore assume that ρ = 1, and then Lemma 3.7 completes the argu-
ment. 
As a final elementary remark, note that the complexity of the new manifold is
bounded in a way which is independent of ρ, U± and g:
(3.20) (E˜) ≤ (M) + 5m.
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This follows directly from (2.1) and (2.3), since M˜ is obtained by attaching 2m
Weinstein handles to M , and E˜ is the total space of a Lefschetz fibration with fibre
M˜ and 3m vanishing cycles.
Lemma 3.9. Suppose that H˜∗(U−;K) = 0. Then SH
∗(E˜) vanishes if and only if
SH ∗(E) does.
Proof. The assumption implies that HF ∗(L2i , L
1
i ) = 0, hence by using the long exact
sequence from [48] also that HF ∗(L2i , τL1i (L
0
i )) = 0. In other words, while the two
Lagrangian submanifolds (L2i , τL1i (L
0
i )) are not geometrically disjoint, they behave
as if they were disjoint in so far as the Fukaya category F(M˜) with coefficients in K
is concerned. By applying the algebraic expression for Dehn twists [51, Corollary
17.17], it follows that up to quasi-isomorphism in that category, τρ
L2
i
τL1i (L
0
i ) is inde-
pendent of ρ. In view of Property 2.6, this shows that as far as the computation of
HW ∗(∆˜i, ∆˜i) is concerned, we may just as well assume that ρ = 1, in which case E˜
is deformation equivalent to E by Lemma 3.7. Property 2.3 then does the rest. 
Lemma 3.10. Suppose that H˜∗(U−;K) 6= 0. Then SH
∗(E˜) vanishes if ρ ≥ 2.
Proof. In view of Property 2.3, all we need to show is that HW ∗(∆˜i, ∆˜i) = 0 for
all i. Start with i = 1. The fibre M˜ contains the Lagrangian disc W˜ = W 21 , which
is disjoint from V˜i for all i > 2 and satisfies
(3.21)
dimK HF
∗(W˜ , V˜1) = ρ dimK H˜
∗(U−;K)
> dimK HF
∗(W˜ , V˜2) · dimK HF
∗(V˜2, V˜1) = dimK H˜
∗(U−;K) · 1.
Hence, by Property 2.4, HW ∗(∆˜1, ∆˜1) = 0. In view of Property 2.5, we can do
our remaining computations in the total space of the Lefschetz fibration with fibre
M˜ and vanishing cycles (V˜2, . . . , V˜3m). But the same Lagrangian disc W˜ intersects
the first of these cycles in a point, and is disjoint from all the others. Therefore,
the wrapped Floer cohomology of the corresponding Lefschetz thimble is zero. The
same holds for the next vanishing cycle, by using another Lagrangian disc as in
Lemma 3.7. Having now removed the first three vanishing cycles, we note that
none of the remaining vanishing cycle intersect the double handle attached to W 01 .
Since the complement of the handle is a Liouville subdomain, standard convexity
arguments and Property 2.6 imply that all computations can now be performed in
the space obtained by attaching m− 1 double handles to M .
At this point, we have reduced the statement to the corresponding one where the
original fibration has fibre M and vanishing cycles (V2, . . . , Vm). If m = 1, there
are no vanishing cycles left, so the total space of the last-mentioned fibration is
D2 ×M with the corners rounded off, hence its symplectic cohomology is zero by
[43]. Otherwise, we argue by induction on m. 
Theorem 3.11. Let E be the total space of a Lefschetz fibration with fibre M
and vanishing cycles (V1, . . . , Vm). Assume that dim(E) = 2n + 2 ≥ 6, and that
Assumption 3.6 holds. Then there is another Liouville domain E˜, which is almost
symplectomorphic to E, and such that SH ∗(E˜) vanishes for any coefficient field K.
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Proof. For n > 2 this is a straightforward consequence of the previous discussion:
we can choose U− ⊂ S
n−1 to be homotopy equivalent to the disjoint union of a
point and a circle. This satisfies (3.4) but obviously has H˜∗(U−;K) 6= 0 for any K.
Hence, constructing E˜ as before, with ρ = 2 for instance, yields the desired result
by Lemma 3.10.
The remaining case n = 2 requires only a small variation. Namely, take U− ⊂ S
1 to
consist of two disjoint intervals. One can then choose the extension (3.5) to be Morse
and have a single hyperbolic critical point. In fact, the double handle construction
then just consists of attaching a Weinstein handle to the boundary of the given disc,
and then another one to the co-core sphere of the first handle. Lemma 3.10 still
applies, but since (3.4) is violated, Lemma 3.2 and all the topological arguments
built on it fail. However, in this particular dimension we know that squares of
Dehn twists are isotopic to the identity as almost symplectomorphisms. Hence,
changing ρ by an even number does not affect the isomorphism type of E˜ as an
almost symplectic manifold. Taking ρ = 3 then yields the desired result. 
To refine our result, we want to make use of a particular choice of U±. Assume
that n ≥ 5, and fix a natural number q. Consider the Moore space obtained by
attaching a 2-cell to the circle along a degree q map S1 → S1. We claim that this
can be embedded into Sn−1. For n > 5 this is clear, since any generic map is an
embedding. For n = 5, take explicitly the map from the unit disc D2 ⊂ C to C2
given by z 7→ ((1− |z|2)z, zq). This is an immersion, an embedding in the interior,
and a q-fold cover along the boundary. Hence, the image is a copy of this Moore
space embedded in C2 ⊂ S4. Given that, take U− to be the boundary of a regular
neighbourhood of the image of the Moore space. Clearly, this satisfies (3.4) and
(3.22) H˜∗(U−;K) =
{
0 if char(K) does not divide q,
H˜∗(S1 ∨ S2;K) if char(K) divides q.
Therefore, an application of Lemmas 3.9 and 3.10 yields the following:
Theorem 3.12. Let E be the total space of a Lefschetz fibration with fibre M and
vanishing cycles (V1, . . . , Vm). Assume that dim(E) ≥ 12, and that Assumption
3.6 holds. Fix an integer q ≥ 1. Then there is another Liouville domain E˜ which
is almost symplectomorphic to E, such that the following holds. If K is a field
whose characteristic divides q, the symplectic cohomology of E˜ with coefficients in
K vanishes. On the other hand, if the characteristic of K does not divide q (this
includes characteristic 0), the symplectic cohomology of E˜ with coefficients in K
vanishes if and only if the same holds for the original manifold E. 
Example 3.13. Continuing our elementary discussion in Example 2.1, the hy-
potheses of Theorems 3.11 and 3.12 hold for the important case of affine varieties.
We will only give a brief summary, referring to [51, Sections 16 and 19] and [26] for
details. Let X ⊂ CN be a smooth complex affine algebraic variety. Then, a generic
linear map π : X → C is a Lefschetz fibration. Denote by X ′ a smooth fibre of that
fibration, which is a hyperplane section of X. We can then in turn take another
generic linear map π′ : X ′ → C, which is a Lefschetz fibration. Let (V1, . . . , Vm)
be vanishing cycles for π. Each such cycle can then be represented as a matching
cycle for π′, associated to a matching path ci in the plane which joins two critical
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Figure 6.
values of that map. For each 1 ≤ i ≤ m, choose a properly embedded half-infinite
path di, whose endpoint is also one of the endpoints of ci, and which otherwise does
not intersect di or any critical value of π
′ (see Figure 6 for an illustration). Let
Wi ⊂ X
′ be the Lefschetz thimble associated to di. Possibly after a preliminary
isotopy, one can arrange that Wi intersects Vi transversely and in a single point.
After truncating X ′ to a compact Liouville domain, one finds that Assumption 3.6
is satisfied.
With this in mind, Theorem 3.11 immediately implies Theorem 1.1, and Theorem
3.12 similarly implies Theorem 1.3.
Remark 3.14. It is a natural question whether the construction from Theorem
3.12 can be thought of as a localization process away from the primes that divide
q, or “tensoring with Z[1/q]”, in analogy with the well-known notion in homotopy
theory [55]. As a possible step towards an answer, take any coefficient field K whose
characteristic does not divide q. Then, the A∞-structure on B is independent of ρ.
Hence, by appealing to the full strength of the results about symplectic cohomology
from [6, Appendix], one concludes that
(3.23) SH ∗(E˜) ∼= SH ∗(E).
Ongoing work of Bourgeois-Ekholm-Eliashberg aims to understand the product struc-
ture on symplectic cohomology from a similar point of view, and one can hope to
use that to show that (3.23) is an isomorphism of rings. The next question would
then be whether the wrapped Fukaya categories of E˜ and E, with coefficients in the
same field K, are equivalent at least in some derived sense. A positive answer to
this would seem to require an A∞-refinement of the formula for the wrapped Floer
cohomology of Lefschetz thimbles, as well as a generation statement (the methods
from [1] may be helpful in the latter step). As a point of caution, note that one
cannot hope for a meaningful relation between the more classical Fukaya categories,
whose objects are exact closed Lagrangian submanifolds (since vanishing of sym-
plectic cohomology with Z/2 coefficients already implies that there cannot be any
such submanifolds).
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4. Nonstandard symplectic structures
4a. Symplectic mapping tori. Having found a method for making symplectic
cohomology vanish, we will now balance this by reviewing McLean’s construction
[39] of nonstandard Liouville structures on flat space which have nonvanishing sym-
plectic cohomology. Along the way we modify some of the steps, replacing the
algebro-geometric notion of Kaliman modification by the similar but purely sym-
plectic one of Weinstein two-handle attachment, and removing the reliance on the
detailed Conley-Zehnder index computations from [56].
LetM be a Liouville domain of dimension 2n. Let φ :M →M be a diffeomorphism
which is the identity near ∂M , and such that φ∗θM − θM is the derivative of
a function k vanishing near the boundary. Without essential loss of generality
(since one can always rescale the symplectic form) we may assume that |k(x)| < 1
everywhere. The symplectic mapping torus of φ is the manifold with corners
(4.1) [−1, 1]× R×M/ ∼, where (s, t, x) ∼ (s, t− 1, φ(x)).
We equip this with the one-form
(4.2) θM + s dt+ d(t k) = θM + (s+ k)dt+ t dk,
which is invariant under the equivalence relation in (4.1), and whose exterior deriv-
ative is ωM + ds ∧ dt. By definition, M is a symplectic fibration over [−1, 1]× S
1
with a flat symplectic connection, whose holonomy around the circle is φ. The
Liouville vector field dual to (4.2) is
(4.3) ZM + (s+ k)∂s − tXk,
where Xk is the Hamiltonian vector field of k (our convention is that ωM (·, Xk) =
dXk). The vector field (4.3) points strictly outwards along both boundary faces
{x ∈ ∂M} and {s = ±1}, the latter thanks to the assumed bound on k.
We now want to round off the corners, in order to obtain an actual Liouville domain.
Recall that by integrating the Liouville vector field, one gets a collar neighbourhood
N ⊂M which comes with a preferred diffeomorphism N → [1/2, 1]× ∂M . Denote
the first component of that map by r : N → [1/2, 1]. By construction, θM |N agrees
with the pullback of r(θM |∂M) by that diffeomorphism. Again without essential
loss of generality (since one can always deform φ by conjugating it with the Liouville
flow), we may assume that φ = id and k = 0 on N . Define
(4.4) T = {(s, t, x) ∈ [−1, 1]× R×M : either x /∈ N or r(x) ≤ χ(s)}/ ∼,
where the equivalence relation is as before, and χ : [−1, 1] → [1/2, 1] is a function
with the following properties:
• χ(±1) = 1/2, χ(0) = 1;
• χ is continuous everywhere, and smooth on (−1, 1);
• χ′ > 0 on (−1, 0), χ′ < 0 on (0, 1), and χ′′(0) < 0;
• Restricting χ to [−1, 0], all derivatives of its inverse χ−1 : [1/2, 1]→ [−1, 0]
vanish at the point 1/2; and the same for the other interval [0, 1].
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Equip T with the restriction of the exact symplectic structure introduced above,
denoting the result by θT , ωT and ZT . The last-mentioned property of χ ensures
that ∂T is smooth. It is easy to see that ZT points outwards along ∂T . In fact,
that boundary consists of two parts. One is where s = ±1 and x ∈M \N . At such
boundary points, the characteristic foliation is spanned by the parallel transport
vector field ∂t, and the Reeb vector field is
(4.5) R∂T =
∂t
s+ k
.
Note that this points in positive ∂t direction if s = +1, and in negative ∂t direction
if s = −1. The other part of the boundary is where r(x) = χ(s). At such boundary
points, the characteristic foliation is spanned by R∂M − χ
′(s)∂t, where R∂M is the
Reeb vector field for M ; and
(4.6) R∂T =
R∂M − χ
′(s)∂t
χ(s)− sχ′(s)
.
Again, if we use the projection π : T → [−1, 1]×S1 to the (s, t) variables, then the
image of (4.6) points in positive ∂t direction if s > 0, in negative direction if s < 0,
and is zero if s = 0. In the last-mentioned case, R∂T = R∂M . We conclude:
Lemma 4.1. Closed Reeb orbits on ∂T whose homology class lies in the kernel of
π∗ : H1(T ) → H1([−1, 1]× S
1) = Z correspond bijectively to pairs consisting of a
point t ∈ S1 and a closed Reeb orbit on ∂M . 
We will now introduce a number of additional assumptions.
• c1(M) = 0 and H
1(M) = 0. This allows us to assign Conley-Zehnder
indices to closed Reeb orbits in M , thereby equipping SH ∗(M) with a
canonical integer grading. The same then carries over to T ;
• All closed Reeb orbits on ∂M are nondegenerate in the Morse-Bott sense.
Moreover, the space of closed Reeb orbits only has finitely many connected
components with a given Conley-Zehnder index;
• Finally, M contains a closed exact Lagrangian submanifold, which is ori-
ented and Spin.
Using these, we will prove:
Lemma 4.2. The summand SH ∗(T )0 ⊂ SH
∗(T ) which corresponds to free loops
lying in the kernel of π∗ : H1(T ) → Z is nonzero, and finite-dimensional in each
degree.
Proof. Let Cj , j ≥ 1, be the connected components of the space of parametrized
closed Reeb orbits on ∂M , ordered so that the length is nondecreasing. Each Cj
has a Conley-Zehnder index µj , and also carries a local system ξj with fibre K and
holonomy±1 (this is important for sign reasons, compare the issue of “bad orbits” in
contact homology). Inspection of (4.6) shows that the corresponding component of
the space of closed Reeb orbits on ∂T , which is diffeomorphic to S1×Cj by Lemma
4.1, is again Morse-Bott nondegenerate, and carries the same Conley-Zehnder index
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and local system. By standard Morse-Bott methods, there is a spectral sequence
converging to SH ∗(T )0 whose starting page is
(4.7) Epq1 =


(H∗(S1;K)⊗H∗(C−p; ξ−p))
p+q−µ−p p < 0,
Hq(T ;K) p = 0,
0 p > 0.
By assumption, the sequence µj takes on the same value only finitely many times.
This immediately implies that SH ∗(T )0 is finite-dimensional in each degree.
It remains to show that SH ∗(T )0 is nonzero, or equivalently (since that summand
contains the identity element for the ring structure) that SH ∗(T ) is nonzero. By
assumption, there is a closed exact Lagrangian submanifold L ⊂M . Again without
essential loss of generality, we may assume that θM |L = 0, and that L is disjoint
from the collar neighbourhood N (the second condition can be satisfied by pushing
L inwards via the Liouville flow, and the first condition by adding an exact one-form
to θM ). In that case, the product W = [−1, 1] × {0} × L is an exact Lagrangian
submanifold of T with Legendrian boundary. In view of (4.5), the class of any
nontrivial Reeb chord for ∂W has nonzero image under the map π∗ : H1(T,W )→
H1([−1; 1]×S
1, [−1, 1]×{0}) = Z. By definition of wrapped Floer cohomology, this
implies that the wrapped Floer cohomology ofW contains its ordinary cohomology
as a direct summand, hence is nonzero. By arguing as in the easy direction of
Property 2.3, one sees that SH ∗(T ) must therefore be nonzero. 
By [23, Theorem 2.5] (for n = 1) or [21, Theorem 12.4.1] (for n > 1), there is an
isotropic embedded loop in ∂T whose image under π∗ generates H1([−1, 1]× S
1).
Attach a Weinstein two-handle to that loop, forming a new Liouville domain U ⊃
T . From now on we will assume that n > 1, so that the handle attachment is
subcritical.
Lemma 4.3. Consider SH ∗(U) with coefficients in a finite field of characteristic
p. Then, the even degree part is a commutative ring in which the equation xp = x
has a finite number N ≥ 2 of solutions.
Proof. By the same argument as in [39, Lemma 7.6], any solution of xp = x in the
even part of SH ∗(T ) is necessarily contained in the subspace SH ∗(T )0, and more-
over, in the degree zero part of that subspace. Since that part is finite-dimensional
over K, there are only finitely many such solutions. On the other hand, we know
that SH ∗(T )0 is nonzero, so there are at least two solutions (zero and the multi-
plicative unit). Finally, because our handle attachment is subcritical, the Viterbo
restriction map SH ∗(U) → SH ∗(T ) is an isomorphism [12], so the result carries
over to U . 
4b. Milnor fibres. Again following [39], we will apply the previous considerations
to a class of examples arising from singularity theory. Let p ∈ C[x1, . . . , xn+1] be a
weighted homogeneous polynomial. Weighted homogeneity means that
(4.8) p(ζw1x1, . . . , ζ
wn+1xn+1) = ζ
wp(x1, . . . , xn+1)
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for some positive integers (w1, . . . , wn+1, w). Suppose that p has an isolated critical
point at the origin (and hence no other critical points). We make two additional
assumptions:
• w1 + · · ·+ wn+1 6= w;
• the link of the singularity is an integral homology sphere.
Concrete examples are p(x) = x21 + · · · + x
2
n + x
3
n+1 if n is odd, and p(x) = x
2
1 +
· · ·+x2n−1+x
3
n+x
5
n+1 if n is even [8] (compare with [39], which requires the link to
be a homotopy sphere, hence excludes the case n = 2). Consider the Milnor fibre
of such a singularity, which by definition is
(4.9) M = {p(x) = δ, ‖x‖ ≤ 1}
where δ is some nonzero small complex number, with the Liouville structure given
by the plurisubharmonic function ‖x‖2/4. Because it comes from a hypersurface
in Cn+1, M has vanishing first Chern class. As the Milnor fibre of an isolated
hypersurface singularity, it is also homotopy equivalent to a wedge of n-spheres
[41], hence in particular H1(M) = 0. Moreover, M always contains a Lagrangian
sphere [47, Lemma 4.14]. By an application of Gray’s theorem, the boundary ∂M is
isomorphic as a contact manifold to the link of the singularity. We find it convenient
to define this link as p−1(0)∩h−1(1), where h(x) = w1|x1|
2/2+· · ·+wm+1|xm+1|
2/2,
since then the Reeb flow on the link is precisely the circle action on the left side
of (4.8) (the same contact one-form appears in [56]). In particular, the periodic
Reeb orbits appear in Morse-Bott nondegenerate components Cj , where for some
l > 0, each Cj+l differs from Cj by going once around the circle action. The
Conley-Zehnder indices µj and µj+l then differ by 2(w−w1 − · · · −wn+1), see [47,
Lemma 4.15]. By assumption, this implies that there can only be finitely many
connected component of any given index. Note that while the Reeb flow for the
given contact one-form on ∂M may not be the same, one can adjust that by adding
a finite conical piece to the boundary. We assume from now on that this has been
done, without changing the notation.
The monodromy of the singularity is a symplectic automorphism φ :M →M of the
kind considered before. If we take that map and construct the associated Liouville
domain T via the symplectic mapping torus, its enlargement to a Liouville manifold
is deformation equivalent to the affine variety
(4.10) Cn+1 \ p−1(0) ∼= {p(x1, . . . , xn+1)xn+2 = 1} ⊂ C
n+2.
We will mainly consider the topological implications of this. Because of weighted
homogeneity, Cn+1 \ p−1(0) is homotopy equivalent to S2n+1 \ p−1(0), hence by
assumption
H∗(T ) ∼= H
2n+1−∗(S2n+1, S2n+1 ∩ p−1(0)) ∼= H2n+1−∗(S2n+1, S2n−1) ∼= H∗(S
1).
Moreover, the Milnor fibre is simply-connected, which implies that π1(T ) is abelian.
Once we attach a two-handle to kill H1(T ), the resulting U is therefore contractible.
Because we have started with a Stein domain and attached a two-handle, there is
a Morse function h : U → (−∞, 0] with h−1(0) = ∂U all of whose critical points
have index ≤ n + 1. Standing this Morse function on its head and using the
fact that n ≥ 2, one sees that ∂U can be made contractible by attaching cells of
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dimension 3 and higher. Hence, ∂U itself must be simply-connected, which by the
h-cobordism theorem implies that U is diffeomorphic to D2n+2 (this copies a well-
known argument about the topology of contractible affine algebraic varieties, see
[60, Theorem 1.3] and references therein). After applying Lemma 4.3, one arrives
at the following conclusion, which is our analogue of [39, Theorem 7.7]:
Corollary 4.4. U is a Liouville domain diffeomorphic to D2n+2. If K is finite of
characteristic p, there is a finite number N ≥ 2 of solutions of the equation xp = x
in the even part of SH ∗(U). 
4c. Finite type constructions. We can now prove the remaining results from
Section 1b. The proof of Corollary 1.2 uses the product structure on symplectic
cohomology, as in [39], together with homologous recombination. In contrast, that
of Corollary 1.5 involves only the additive structure, but its use of homologous
recombination is more subtle.
Proof of Corollary 1.2. Starting with a given affine algebraic variety X , and its
associated Liouville domain E, we first apply Theorem 3.11 to construct an almost
symplectomorphic Liouville domain E˜ whose symplectic cohomology vanishes. For
any k ≥ 0, take the boundary connect sum of E˜ and k copies of the domain U
from Corollary 4.4, and enlarge that to a Liouville manifold X˜k. This is still almost
symplectomorphic to X , and by [12] it satisfies
(4.11) SH ∗(X˜k) ∼=
k⊕
i=1
SH ∗(U).
This isomorphism is a Viterbo restriction map, hence compatible with the commuta-
tive ring structures. Take the coefficient field to be K = Fp for some p. Then, if the
even part of SH ∗(U) contains N ≥ 2 solutions of xp = x, the corresponding number
for SH ∗(X˜k) is N
k. It follows that the X˜k are pairwise non-symplectomorphic. 
Remark 4.5. If one is willing to settle for a single nonstandard structure instead
of an infinite sequence, the argument can be simplified considerably. Namely, if
the symplectic cohomology of the given affine variety vanishes, take its boundary
connect sum with U ; otherwise, kill the symplectic cohomology using Theorem 3.11.
Either way, one gets a manifold which is not symplectomorphic to the original one.
Proof of Corollary 1.5. Start with T as in Section 4b. We know that SH ∗(T ) 6= 0
with coefficients in an arbitrary K. Moreover, the enlargement of T to a Liou-
ville manifold yields an affine variety (4.10), so Picard-Lefschetz theory applies.
Fix a prime number q. By using Theorem 3.12, we can find a T˜q which is almost
symplectomorphic (and in particular diffeomorphic) to T , and such that SH ∗(T˜q)
with coefficients in K = Fp vanishes if and only if p = q. Because all the T˜q are
obtained by homologous recombination applied a fixed Lefschetz fibration, their
complexity is bounded, see (3.20). Attach a two-handle to ∂T˜q to form another
Liouville domain U˜q with the same symplectic cohomology, and which is diffeo-
morphic to the disc. Now, given some affine variety, produce E˜ as in the proof
of Corollary 1.2, take the boundary connect sum of that with U˜q, and enlarge the
result to a Liouville manifold X˜q. Since SH
∗(X˜q) ∼= SH
∗(T˜q), these manifolds are
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pairwise non-symplectomorphic. Moreover, in view of (2.1), the complexity of X˜q
is bounded above by a number independent of q. 
4d. Infinite type constructions. The remaining constructions employ methods
similar to Corollary 1.5, together with the idea from [37].
Proof of Theorem 1.6. Slightly generalizing the argument from Corollary 1.5, we
can find, for each integer q > 1, a Liouville domain U˜q which is diffeomorphic to a
disc of our given dimension, and whose symplectic cohomology with coefficients in
Fp vanishes if and only if p divides q. Write P = {p1, p2, . . . } and qk = p1 · · · pk. For
any k ≥ 1, let Wk be the boundary connect sum of one copy of U˜q1 , U˜q2 , . . . , U˜qk
each. By attaching a finite conical piece to the boundary if necessary, one can
arrange that Wk is contained in the interior of Wk+1 for all k. Let W be the union
of all the Wk, which is a Liouville manifold. By definition (2.2) and [12],
(4.12) SH ∗(W ) ∼=
∏
k
SH ∗(Wk).
If we take coefficients in Fp where p ∈ P, then almost all of the terms in the product
(4.12) are zero. Each term is the symplectic cohomology of a Liouville domain,
hence of at most countable dimension, and the same will hold for SH ∗(W ). On the
other hand, if we take coefficients in Fp where p /∈ P, then all terms in (4.12) are
nonzero. But an infinite product of nonzero vector spaces is always of uncountable
dimension. 
Corollary 1.7 is proved in exactly the same way, except that when forming Wk, one
additionally takes the boundary connect sum with the Liouville domain obtained
by truncating the given finite type Liouville manifold M .
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